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Abstract – The genotypic and allelic effect models are equivalent in terms of QTL detection
in a simple additive model, but the QTL allelic model has the advantage of providing direct
information for marker-assisted selection. However, the allelic matrix is four times as large as
the genotypic IBD matrix, causing computational problems, especially in genome scans exam-
ining multiple positions. Transformation from genotypic to allelic effects, after estimating the
genotypic effects with a smaller IBD matrix, can solve this problem. Although the validity of
transformation from genotypic to allelic effects has been disputed, this work proves that trans-
formation can successfully yield unique allelic effects when genotypic and allelic IBD matrixes
exist.

QTL / transformation /marker assist selection / genotypic effect / allelic effect

1. INTRODUCTION

The variance component method with random QTL effects is preferred for
estimation of QTL genotypic or allelic effects [6, 19], since this method does
not require specification of the number of alleles, and the relationship matrixes
allow separate estimations of the polygenic and QTL effects. After the first
report of QTL analysis in commercial pig populations [2, 14] using the least
squares method [7, 11], Nagamine et al. [15] used variance component anal-
ysis to estimate the heritabilities and genotypic effects of QTL in commercial
breeds. These authors also showed the transformation from genotypic to allelic
effects [13] and applied this transformation to large pig data sets [15]. Since
the allelic or gametic IBD, identity-by-descent, matrix is four times as large
as the genotypic IBD matrix, inversion of the allelic matrix demands com-
putational resources, especially when multiple positions are examined. Thus,
the estimation of genotypic effects with the smaller IBD matrix followed by
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transformation from genotypic to allelic effects has the benefit of decreasing
computational cost. However, Tuchscherer et al. [17] wrote that this transfor-
mation was impossible and did not provide unique results. This paper offers
derivation details proving that this transformation is possible, and shows that
the transformation gives unique solutions.

2. MODELS AND DERIVATION

The genotypic and allelic effect models are equivalent when it comes to
QTL detection in a simple additive model [10,18]. An animal model including
polygenic, QTL, genotypic and allelic effects is presented below [6, 10].
For the QTL genotypic effect model:

y = Xf + Zu + Zw + e.

For the QTL allelic effect model:

y = Xf + Zu + ZTv + e.

In these cases, X is a design matrix for fixed effects, Z is an incident matrix
relating records in y to the animals, and vectors f , u, w and e are values for
fixed, polygene, QTL genotypic and residual effects, respectively. The sizes
of u and w are calculated as n× 1 for n individuals. Vector v is the QTL allelic
or gametic effect having a size of 2n × 1, and T is an incident matrix relating
each animal to its two allelic effects [18]. If all animals have records, using the
Kronecker product *, T is:

I * [1 1] =



1 1 0 0 0 0 . . .

0 0 1 1 0 0 . . .

0 0 0 0 1 1 . . .

. . . . . . . . . . . .



.

The fixed and random values are estimated using mixed model equations.
G represents the allelic IBD matrix, while A is the relationship matrix for
the polygenic effect [9]. The genotypic IBD matrix, Q, is (1/2) TGT’ [18].
The j and k values are the ratios of error variance/polygenic variance and error
variance/QTL genotypic variance, respectively.

The QTL genotypic effect model can be written as:


X’X X’Z X’Z

Z’X Z’Z + A−1j Z’X

Z’X Z’Z Z’Z +Q−1k





f

u

w


=



X’y

Z’y

Z’y


.
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Using the third row of the left hand matrix, we see that:

Z’Xf + Z’Z u + [Z’Z +Q−1k]w = Z’y. (1)

The QTL allelic effect model can be written as:



X’X X’Z X’ZT
Z’X Z’Z + A−1j Z’ZT

T’Z’X T’Z’Z T’Z’ZT +G−1(2k)





f
u
v

 =



X’y
Z’y

T’Z’y

 .

If there is no interaction between alleles, i.e. v11 + v12 = w1 for Animal 1,
the QTL allelic variance is half of the QTL genotypic variance. Therefore, the
variance ratio for the allelic IBD matrix is taken to be 2k. Here, Q−1 and G−1

are the inverses, not the generalized inverses, of Q and G, respectively [16].
Using the third row of the left hand matrix, we see that:

T’Z’X f + T’Z’Z u + [T’Z’ZT +G−1(2k)]v = T’Z’y. (2)

Then, multiply Eq. (1) by T’:

T’Z’X f + T’Z’Z u + T’[Z’Z +Q−1k]w = T’Z’y.

This is equivalent to Eq. (2), therefore:

[T’Z’ZT +G−1(2k)]v = T’[Z’Z +Q−1k]w.

Here, T’Z’ZT v = T’Z’Z w, because in the absence of allelic interactions,
Tv = w. Therefore:

G−1(2k)v = [T’Q−1k]w, and

v = GT’Q−1(1/2)w.

The size of G is 2n × 2n; however Q (=(1/2) TGT’) is an n × n matrix. The
values of v can be calculated without the inverse of the G matrix. Essentially, it
is not necessary to calculate Q−1 for this conversion, because the parameter is
already specified to estimate w. When allelic effects are simple additive effects
and Q−1 and G−1 exist, this transformation can give unique estimators of allelic
effects, because genotypic and allelic effects are known to be unique solutions
from mixed models [3,9,12], and the transformation does not affect the allelic
values.
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3. NUMERICAL EXAMPLE

This example utilizes the allelic relationships among four animals previ-
ously described by Fernando and Grossman [3]. Animals 1 and 2 are the par-
ents of Animal 3. In order to create a highly inbred offspring, Animal 3 was
mated with Animal 1 to produce Animal 4. The allelic relationship matrix
is G and the genotypic relationship matrix is Q, which was easily transformed
from G.

G =



1 0 0 0 0.9 0 0.5 0.81
0 1 0 0 0.1 0 0.5 0.09
0 0 1 0 0 0.1 0 0.01
0 0 0 1 0 0.9 0 0.09

0.9 0.1 0 0 1 0 0.5 0.9
0 0 0.1 0.9 0 1 0 0.1

0.5 0.5 0 0 0.5 0 1 0.45
0.81 0.09 0.01 0.09 0.9 0.1 0.45 1



(1/2) TGT’ = Q =



1 0 0.5 0.95
0 1 0.5 0.05

0.5 0.5 1 0.75
0.95 0.05 0.75 1.45


.

The QTL allelic effects were assumed to be completely additive. For simplicity,
the example only utilizes the QTL effect, and ratio k is set to one. Vector y is
for animal observations, but in this case Animals 1 and 2 have no records.
Matrix Z is a design matrix, with all elements set to zero except for the two
diagonal elements, (3, 3) and (4, 4), which have values of one. This yields:

y’ =
(
0 0 100 120

)
.

If the model for QTL genotypic effects is

(Z’Z +Q−1k)(w) = Z’y,

then the estimated genotypic effects are w’ = (54.006, 19.770, 64.265, 81.959).

Similarly if the model for QTL allelic effects is

(T’Z’ZT +G−12k)(v) = T’Z’y,

then the estimated allelic effects are v’ = (40.997, 13.009/1.977, 17.793/
44.496, 19.769/36.513, 45.447). Thus, we can confirm that the sum of the al-
lelic effects is equal to the genotypic effect, e.g. 54.006 = 40.997 + 13.009 for
Animal 1.
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For the transformation from genotypic to allelic effects,

Q−1 =



2.6666 0.1666 −0.1666 −1.6666
0.1666 1.5952 −1.2381 0.4762
−0.1666 −1.2381 2.5952 −1.1904
−1.6666 0.4762 −1.1904 2.3809


.

The transformation gives v as the following:

v = GT’Q−1(1/2)w = GT’Q−1(1/2)



54.006
19.770
64.265
81.959


=



40.997
13.009
1.977

17.793
44.496
19.769
36.513
45.447



.

We can confirm that the transformation form, v = GT’Q−1(1/2)w, gives the
same v as the estimators from the allelic model.

4. CONCLUSION

Genotypic QTL effects can be estimated with computer software pack-
ages such as SOLAR [1], and the two-step method [4] using LOKI [8] and
ASReml [5]. In practice, after estimating genotypic effects by the two-step
method, Nagamine et al. [15] applied the transformation from the genotypic
effect to the allelic effect. However, only the final derivation of transforma-
tion from QTL genotypic effects to allelic effect was written in the previous
papers [13, 15]. Here, I have detailed the derivation with a numerical exam-
ple, showing that the transformation is possible and that it successfully gives
a unique estimator of allelic effects in the additive effect model when Q−1

and G−1 exist.
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